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$G$ Lie $G_{C}$ $G$ Compact
$K$ $\theta$ Cartan involution go ( $(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}. k_{0})$ $G$ (resp.
$K)$ Lie $g$ (resp. $k$ ) k go Cartan
involution $g$ $\theta$
$\sigma$ $g$ $g_{0}$
$P$ $G$ $P=LN$ $P$ Levi $L$ $P$
Levi Cartan involution $\sigma$ $N$ $P$ nilradical
$V$ $L$ admissible , $N$ $V$
$P$ $\mathrm{I}\mathrm{n}\mathrm{d}_{p}^{c}(V)$
admissible ( ) $G$
–
2. Kazdhan-Lusztig Algorithm
$G$ $P$ cuspidal $L$ Compact Cartan
$L$ $V$
$L$ $\mathrm{I}\mathrm{n}\mathrm{d}_{p}^{G}(V)$
standard $G$ admissible virtual character
standard -
2 Kashiwara-
Brylinski, Beilinson-Bernstein highest weight module
(Kazdhan-Lusztig ) Vogan-Lusztig
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$V$ $L$ [V] $S$ $L$ standard
Kazdan-Lusztig




















Lie $g$ Lie ( 1 $g$
$g$ Lie )
go $g$ Compact real form $\sigma$ $g$ go
$X\in g$ (X, $\sigma(X)$ ) $g$ $g\oplus g$ real form
$g\oplus g$ $g$
$g$ Compact form $g_{0}$ $g\oplus g$
$\triangle(g)=\{(X, X)\in g\oplus g\}$ –
$G$ admisssible Harish-
Chandra $(g\oplus g, \triangle(g))$-module
positive Harish-Chandra module
$g$ $\sigma$- Cartan $h$ –
$h$
$g$ $P$ $P$ Levi $p=l+n$
Levi part 1 $\sigma$ - $\rho_{p}$ $l$ –
$\rho_{p}(X)=\frac{1}{2}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(\mathrm{a}\mathrm{d}(x)|n)$ $(X\in l)$




$U(g)$ $M_{p}(\lambda)$ $U(g)$ -module
adjoint action 3 $U(g)$ -module
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$\mathrm{E}\mathrm{n}\mathrm{d}_{c^{\iota}(M_{p}(}\lambda$)
$L(M(p\lambda), M(p\lambda))=\{\phi\in \mathrm{E}\mathrm{n}\mathrm{d}c(M_{p}(\lambda)|\dim \mathrm{a}\mathrm{d}(U(g))\emptyset<\infty\}$.
(1) $L(M(p\lambda), M(p\lambda))$ End$c^{(}M_{p}(\lambda)$ $C$-subalgebra
(2) $X,$ $\mathrm{Y}\in g$ $\phi\in L(M(p\lambda), M(p\lambda))$
(X, $Y$ ) $\dot{\phi}=X\emptyset-\phi Y$.
$L(M(p\lambda), M(p\lambda))$ Harish-Chanda $(g\oplus g, \triangle(g))$-module
$P$ $P$ $G$
$\lambda$ “ negative” (
$M_{p}(\lambda)$ ) $L(M(p\lambda), M(p\lambda))$ Harish-Chandra module
positive $P$ Harish-Chandra
module
$L(M_{P}(\lambda), M_{p}(\lambda))$ ( $C$-algebra
? $X=G/P$ generalized flag manfold $D_{\lambda}$ $X$ twisted
differential operator highest weight module
Kazhdan-Lusztig (Kashiwara,
Borho, Brylinky, Bernstein.. ), $C$-algebra $L(M(p\lambda), M(p\lambda))$ ( $D_{\lambda}$ global
section $C$-algebra $\Gamma(X, D_{\lambda})$
$\Gamma(X, D_{\lambda})$ ltered algebra $\mathcal{O}_{T^{*}X}$ $X$
$\Gamma(X, D_{\lambda})$
ffltered structure graded algebra $\mathrm{g}\mathrm{r}\Gamma(X, D_{\lambda})$ $\mathcal{O}_{T}*x$
$\Gamma(T^{*}X, \mathcal{O}_{\tau*x})$ $P$
$T^{*}X$
$T^{*}X$ symplectic structure moment map $\mu$ : $T^{*}Xarrow$
$g^{*}\cong g$ ( $g^{*}$ $g$ Killing form – )
$\mu$ image $\mathrm{A}\mathrm{d}(G)n$ $P$ Richardson
orbit $\mathcal{O}_{P}$ – $g$ $\mathrm{A}\mathrm{d}(G)$ nilpotent orbit
$g$ $A_{n}$ Lie $P$ Borel $\mu$
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1 $G,$ $K,$ $g,$ $\theta,$ $\sigma$ $q$ $g$
Levi $q=l+u$ Levi part 1 $\theta$ $\sigma$
$L_{C}$ $l$ $c_{c}$ $L=L_{c^{\cap}G}$
$l$ $L$ Lie $l$ $\sigma$
a $g$ $C$ $G$ Compact $c_{c}$ $g$
adjoint action $C$ a
Lie $h$ Compact $C$
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adjoint action $(h, C)-$
, Category $(h, C)$ –Mod
$V$ $(l, L\cap K)$ -module $u$ $V$ $(q, L\cap K)-$
module
$(^{u}\mathcal{R}_{q,L\cap}^{g,K}K)^{0}$ . $(g, L\cap K)-Modarrow(g, K)$ –Mod $(g, K)$ –Mod
$(q, L\cap K)$ –Mod
$i$- $(^{u}\mathcal{R}_{q}^{g,K},L\cap K)^{i}$ $u$
unnormalized parabolic induction $\rho$-shift
$\rho$-shift normalized version $(^{n}\mathcal{R}_{q,L\cap K}^{\mathit{9}^{K}}’)^{i}$
parabolic induction shift $-$ $L\cap K$
[Vogan 1988] $L\cap K$ metaplectic
double cover $(L\cap K)\sim$ 2 , $(^{n}\mathcal{R}_{q,\mathrm{n}}^{g,K}LK)^{i}$ $(q, (L\cap)^{\sim})$ -module
$\rho$-shift $(q, L\cap K)$ -module reduce
[Vogan 1988] – –
$\sigma$-stable parabolic induction –
[Knapp-Vogan 1995] $\theta$-satable case $\sigma$-satable case
$\rho$-shift
$q$ $\sigma$-satble $q\cap g0$ $q$ real form
$Q\subseteq G$ Lie $(^{n}\mathcal{R}_{q,K}^{g,K}L\cap)0(V)\cong \mathrm{I}\mathrm{n}\mathrm{d}_{Q(V)}^{c}$
$q$
$\theta$-stable $V$ regularity positivity
$i=\dim u\cap k$ $(^{n}\mathcal{R}_{q,\cap}^{g,K}LK)^{\mathrm{d}\mathrm{i}u\mathrm{n}}\mathrm{m}k(V)$
unitarizability cohomological induction $V$ $-$
unitary derived functor module $q$ compact
Cartan subalgebra $\theta$-stable Borel subalgebra
$q=b$ Borel subalgebra ( $\theta$ $\sigma$ -stable ) $V$ –
$(^{n}\mathcal{R}_{q,L}g,K)^{\mathrm{d}}\cap K\mathrm{i}\mathrm{m}u\cap k(V)$ section 2 standard ( )
standard transfer theorem ([$\mathrm{K}\mathrm{n}\mathrm{a}_{\mathrm{P}\mathrm{P}}$-Vogan1995] Theorem
1187, also see [Schmid 1988] $)$ $b$ polarization
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section 2
– standard ([Schmid 1988])
5. Change of polarization
Change of polarization
$G,$ $K,$ $g,$ $\theta,$ $\sigma,\ldots$ section 1
5.1 $g$ $\sigma$-stable prabolic subalgebra $P$ $\theta$-stable parabolic subalgebra $q$
$(P_{)}q)$ $\sigma\theta- \mathrm{p}\mathrm{a}\mathrm{i}\mathrm{r}^{-}$ $\sigma$ $\theta$-stable Cartan subalgebra $h$
$h\subseteq p\cap q$
52 $(P_{)}q)$ $\sigma\theta$-pair $p=m+n,$ $q=l+u$ Levi
$m,$ $l$ $\sigma$
$\theta$-stable Levi part $l\cap p$ (resp. $m\cap q$ )
1(resp. $m$) parabolic subalgebra $\sigma$
$\theta$-stable Cartan subalgebra $h$ $h\subseteq m\cap l$
$L,$ $M,$ $P$ $l,$ $m,$ $p$
$G$ $\theta$-stable Cartan subalgebra $h$ $\triangle$
$(g, h)$ $g$ $V$ $\triangle(V)$
$V$ $\triangle$ $\rho(V)=\frac{1}{2}\sum_{\alpha\in}\triangle(V)\alpha$
$h$ parabolic subalgebra $h$
$\rho(V)$ $\rho(V)$ 1
5.3 (Change of polarization) $(p, q)$ $\sigma\theta$-pair 5.2 Levi
$p=m+n,$ $q=l+u$ $\theta$ -stable Cartan subalgebra $h$ $h\subseteq m\cap l$
$V\xi$ Harish-Chanda $(l\cap m_{\text{ }}L\cap M\cap K)$ -module $\vee C$ infinitesimal character $\lambda\in h^{*}$
$Re\langle\lambda, \alpha\rangle>0$ $\alpha\in\triangle(u)$
$[\mathrm{I}\mathrm{n}\mathrm{d}_{P}G((^{u}\mathcal{R}m,M\cap K)q\mathrm{n}m,L\cap M\mathrm{n}K(\dim u\cap k\cap mV))]=[^{u}\mathcal{R}_{q,LK}^{\mathit{9}}’)K\dim u\cap k(\cap \mathrm{n}\mathrm{I}\mathrm{d}^{L}(P\cap LV)\otimes \mathit{0}_{\eta})]$
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$C_{\eta}$ $\rho(u)-\rho(u\cap m)$ $L$ –
$[\cdot]$ section2 virtual character module image.
Remark $V$ section2
Kazdhan-Lusztig $V$ standard $V$
standard induction-by-stage - cohomological induction
$[\cdot]$ $(g, K)$-standard
transfer theorem virtual character
module module
– standard
( ) $\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}_{0}\mathrm{n}-\mathrm{b}\mathrm{y}$-stage – cohomological induction
$[]$ Levi part $l\cap m$ $p_{1}=q\cap m+n$
$p_{2}=p\cap\iota+u$ polarization
– $p_{1}$ $p_{2}$ $Gc$ $p_{1},$ $p_{2}$
transfer theorem standard
Borel subalgebra
Joseph Johnson derived functor module standard
resolution
54 (Change of polarization) 5.3 $V$ derived
functor module
$\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}((^{u}\mathcal{R}_{qM}^{m,M\cap}L\cap\cap K)^{\dim}\cap m,(Ku\mathrm{n}k\mathrm{n}mV))\cong^{u}\mathcal{R}_{q,K}^{\mathit{9}^{K}}’ L\cap)\dim u\cap k(\mathrm{I}\mathrm{n}\mathrm{d}^{L}P\cap L(V)\otimes C_{\eta})$
1 $G$ Lie , section
3 $P$ $g$ parabolic subalgebra $p=l+n$
Levi $\overline{P}$ $P$ opposite algebra $(p\oplus\overline{p},p\oplus p)$ $\sigma\theta$-pair
$L=M$ $C_{\lambda}$ $L$ – unitary
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change of polarization
$\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(C\lambda)\cong(^{n}\mathcal{R}_{p\oplus}^{\mathit{9}\oplus \mathit{9}^{K\mathrm{d}\mathrm{i}}}p,’ L\cap K)\mathrm{m}n(c_{\lambda})$ .
[Enright 1976] [Vogan-Zukerman 1984] $G$ derived
functor module integral infinitesimal character unitary $($




$G=cL(2n, R)$ $T_{n}$ $G$ maximal compact torus $k(\theta)=$
diag diagonal $k(\theta)$ $n$ block-wise
$2n\cross 2n$ $L$ $T_{n}$ $G$
$L\cong GL(n, C)$ $l$ $L$ Lie algebra
$G$ Lie algebra $g$ $\theta$-stable parabolic subalgebra $q$ Levi
$q=l+u$ $C_{\lambda}$ $T_{n}$ – $u$
positive $C_{\lambda}$ $L$ –
derived functor module $S_{n}(\lambda)=(^{n}\mathcal{R}_{q,LK}^{\mathit{9}^{K}}’)^{\frac{n(n+1)}{2}}\cap(C_{\lambda})$ Speh Speh
$GL(n, R)$ derived functor module Speh
parabolic induction
$G=GL(n, R)$ $T$ $G$ compact torus $K=O(n)$
$T$ $n=2n_{1}+\cdots+2n\ell+m$
$n$ $T=diag(\tau_{n_{1}}, T_{n_{2}}, \ldots, T1)n_{l}’ m$ $1_{m}$ m $\cross$ m-
$\lambda$ $T$ – $\lambda_{i}$ $T_{n}$ ,
$\lambda$ $\lambda_{i}1\leq i\leq\ell$ $L$ $T$
$G$ $L\cong GL(n_{1}, c)\mathrm{X}\cdots\cross GL(n\ell, C)\mathrm{x}GL(m, R)$
$GL(n_{i_{)}}c)$ factor diag $(1_{2}+\cdots+2ni-1Gn_{1}’ L(2ni, R),$ $1_{2+}n_{i}+1\ldots+2n\ell+m)$




$GL(2n\ell, R),$ $GL(m, rel))$ $l,$ $m$ $L$
$m$ Lie Levi part $g$ parabolic
subalgebra $q$ $P$ $\theta$ $\sigma$-stable $\lambda$
$q$
$(p, q)$ $\sigma\theta$-pair change of
the polarization
$(^{n_{\mathcal{R}_{q,L\mathrm{n}K}^{\mathit{9}}}}’ K)\dim u\cap k(C_{\lambda})\cong \mathrm{I}\mathrm{n}\mathrm{d}_{P}^{c}(s_{n_{1}}(\lambda_{1})\otimes\cdots Sn_{\ell}(\lambda\ell)\otimes c_{\eta})$
$C_{\eta}$ –
3 $G=GL(n, H)$ 2 $L=$
$GL(n, c)$ Lie Levi part derived functor module Speh
$G$ derived functor module rank Speh
– prabolic induction
4 $G=Sp(m, n)$ $P$ $G$ $m=$
$p+2 \sum_{i=0}^{\ell}$ ni, $n=q+2 \sum_{i=0}^{l}$ ni $n_{1},$ $\ldots,$ $n_{\ell}$ $p,$ $q$









$M=\{diag(g, g_{1},{}^{t-}g1^{-1}, \cdots, g_{l},\overline{g}_{\ell}-1)\iota|g\in U(p, q;H), g_{i}\in GL(n_{i}, H)(1\leq i\leq\ell)\}$
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$U(p, q;H)=\{g\in GL(p+q, H)|{}^{t}\overline{g}I_{p,q}g--I_{p,q}\}$
$Sp(p, q)$ $-$ $U(k, r)=U(k, r;C)=\{g\in GL(k+r, C)|$
${}^{t}\overline{g}I_{k,r}g=I_{k,r}\}$ $L=diag(U(P, q;H),$ $U(n1, n1),$ $\cdots,$ $U(n_{l}, \ell))$
$G$ $L$ $U$ ( $n_{i}$ , ni)
factor $L_{i}$ $L$ Lie $l$ $G$
Lie $g$ $\theta$-stable parabolic subalgebra $q$ $l$ Levi part
$u$ $q$ nilradical $P$ Lie $P$
$(p, q)$ I $\sigma\theta$-pair $\sigma\theta$-pair change of polarization
$\sigma_{0}$ $Sp(p, q)$ unitary $1\leq i\leq$
$\sigma_{i}$ $GL(n_{i}, H)$ Speh infinitesimal character
$\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\sigma 0^{\otimes}\sigma_{1^{\otimes}}\cdots\otimes\sigma_{\ell})\cong(u_{\mathcal{R}_{q,\ell}^{g,K}L\mathrm{n}K})^{\mathrm{d}\mathrm{i}}\mathrm{m}u\mathrm{n}k(\sigma_{0}\otimes \mathrm{I}\mathrm{n}\mathrm{d}^{L_{1}}P1(\lambda_{1})\otimes\cdots\otimes \mathrm{I}\mathrm{n}\mathrm{d}_{P}Ll(\lambda_{\ell}))$ .
$1\leq i\leq\ell$ $P_{i}=P\cap L_{i}$ $\lambda_{i}$ –
Siegel parabolic subgroup
$U(n, n)$ Siegel Parabolic subgroup
3









Lie wave front set
$G$ adjoint action infinitesimal character
wave front set nilpotent cone
wave front set nilpotet orbit
$U(m, n)$ integral infinitesimal character
wave-front set Barbasch-Vogan –
nilpotent orbit (
) Barbasch-Vogan ( integral infinitesimal
character wave front set universal enveloping algebra
annihilator ([Barbasch-Vogan1983])
$G=U(n, n)$ ( Siegel parabolic subgroup
Levi Part $GL(n, \mathit{0})$ $P_{S}$
(unitary – )
([Lee






1 Siegel parabolic subgroup $P_{S}$ Lie
nilradical $n_{0}$ $Ad(G)n_{0}$ $Ad(G)$-nilpotent orbit
$P_{S}$
wave front set 1 1
$G=U(m, n)$
$P$ $G$ $m=p+2\Sigma_{i=}\ell 0$ ni, $n=q+2\Sigma_{i}^{\ell}=0$ ni
$n_{1},$
$\ldots,$
$n_{\ell}$ $p,$ $q$ $P$ Levi part $M$ $U(p, q)\cross$
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$GL(n_{1}, C)\cross$ $\cdot\cdot\cross GL(n_{l}, C)$ $Sp(m, n)$






$M=\{diag(g, g_{1{}^{t}g},--1,\cdot, g1..p,{}^{t}\overline{g}\ell^{-1})|g\in U(p, q), g_{i}\in GL(n_{i}, C)(1\leq i\leq\ell)\}$
-
$L=\{diag(g, g_{1}, \cdots, g_{\ell}, )|g\in U(p, q), g_{i}\in U(n_{i}, n_{i})(1\leq i\leq\ell.)\}$
$L$ $U$ (ni, ni) factor $L_{i}$ $L$ Lie
$l$ $G$ Lie $g$ $\theta$-stable parabolic subalgebra $q$
$l$ Levi part $u$ $q$ nilradical $P$
Lie $P$ $(p, q)$ $\sigma\theta$-pair change of
polarization – ( compact
part vector part )
$U(m, n)$ $L_{i}\cong U$ (ni, ni) $(1 \leq i\leq\ell)$ Siegel parabolic
subgroup $\theta$-stable $q$
cohomological induction cohomological
induction exact $U(m, n)$







1 derived functor module wave front set $Ad(G)n_{0}$
open $Ad(G)$-nilpotent orbit 1 1 $n_{0}$ $P$ Lie
nilradical
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